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Introduction

A LTHOUGH three-dimensional CFD calculations are
commonplace, axisymmetric flow solvers are indispen-

sible tools, especially for flowfields of propulsion systems. In
axisymmetric solvers, one applies curvilinear grids in the axial
and radial directions and no grid is used in the azimuthal
direction. Thus, each control volume is a body of revolution
with constant two-dimensional cross-sectional areas in the azi-
muthal direction. For the time being, we will call these co-
ordinates the axisymmetric coordinate system.

In this note, we propose a convenient and systematic pro-
cedure to convert two-dimensional CFD codes into axisym-
metric ones. First, we organize the governing equations in a
form suitable for CFD applications. Then, we carefully ex-
amine the calculations of the volume and surface areas of the
axisymmetric control-volume element. Through the conver-
sion process, the procedures of modifying the two-dimen-
sional codes becomes self-evident. Although we concentrate
on the finite-volume method in this note, similar procedure
could be applied for finite-difference codes.

Governing Equations
The axisymmetric flow equations can be cast into a vector

form

H is the source vector

dyQ dyE dyF _ dyEv
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where x and y are the axial and radial coordinates, respec-
tively, Q is the vector of dependent variables, E and F are
the convective fluxes
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Ev and Fv are the viscous flux vectors

0

UTX

»-i _

\UTV

(3)

Received Feb. 2, 1992; revision received Aug. 18, 1992; accepted
for publication Sept. 21, 1992. This paper is declared a work of the
U. S. Government and is not subject to copyright protection in the
United States.

* Senior Research Engineer, Aeromechanics Department, NASA
Lewis Research Center Group.

H =
(P ~

0
0
r

0
(4)

The specific total energy e, shear stress components r, and
heat flux components q, are given as

e = -^—— + \ (u2 + v2)P(J - i) 2
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du dv
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where the divergence of the velocity vector is

dx
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Due to the axisymmetric coordinate system, the source term
(p - ree)/y appears in the radial momentum equation, in
which

ree = 2fi(v/y) - (10)

As shown in Fig. 1, the source term is actually the net effect
of the balancing force in the radial direction due to the normal
stresses in the azimuthal direction, and it is an inevitable result
of the axisymmetric coordinate system. However, no source
term is generated in the energy equation because the velocity
in the azimuthal direction is assumed to be zero.

When integrating the governing equations in axisymmetric
coordinates, two types of numerical calculations are per-
formed, namely, volumetric integration of time marching and
source terms, and surface integration of convective flux terms.
In what follows, details of the geometric calculations con-
cerning both volumetric and surface integrations are pro-
vided.

Volumetric and Surface Integrations
A typical finite-volume cell inside the calculation domain

is shown in Fig. 2. The volume of a single cell can be calculated
according to the first theorem of Pappus-Guldinus.1 The theo-
rem states that the volume of a body of revolution is equal
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Fig. 1 Source term of the radial momentum equation due to the
unbalanced normal stresses in azimuthal direction.

Fig. 2 Control volume of an axisymmetric coordinate system.

Fig. 3 Calculation of area A(A = \\a x b\).

to the generating area times the distance traveled by the cen-
troid of the area while the body is being generated. Thus

V = 2-rryA (11)

wherein y is the radial coordinate of the centroid of the area
A, and can be expressed as \ (y1 + y2 + y3 + y4) as shown
in Fig. 2. The area A is the intersection of the x-y plane and
the axisymmetric control volume; it can be calculated by the
cross product of the two diagonal vectors as shown in Fig. 3:

A = I2\a x b\ (12)

Comparing Eqs. (1) and (11), the volumetric integration of
the time-marching term in Eq. (1) over the volume V is equal
to the surface integration of the term d(yQ)/dt over the area
A multiplied by 27r.

Fig. 4 One of the boundary surfaces of an axisymmetric control
volume.

Fluxes need to be calculated on four surfaces of each con-
trol-volume cell, therefore, correct calculation of these sur-
face areas is essential. The second theorem of Pappus-Gul-
dinus states that the area of a surface of revolution is equal
to the length of the generating curve times the distance trav-
eled by the centroid of the curve while the surface is being
generated. Figure 4 shows a typical surface of a control vol-
ume. According to the second theorem of Pappus-Guldinus,
the surface area is

B = (13)

Clearly, this surface can be decomposed into two surfaces
with the same curve centroid, as shown in Fig. 4.

B = Bx + By

Bx = if(yl + yj(y2 -
By = 7r(yl + y2)(x2 -

= 2iry(y2 -
= 2iry(x2 -

(14)

where y is the radial coordinate of the centroid of surfaces
B,BX, and By. Let

where

B = 2-rryC

Cx = (y2 -
Cy = (x2 -

(15)

(16)

In a two-dimensional, curvilinear coordinate system, Cx is
actually y^ (or y€) and Cy is x^ (or x€) where x = x(g, 77) and
y = y(j;, 17).

Let the flow flux vector be defined as

G•= (E - Ev)x.+ (F - Fv)y (17)

where x andy are the unit vector in axial and radial directions.
The net flux that passing through the surface B is

G B = (E - EV)BX + (F - Fv)By

= 2rry[(E - EV)CX + (F - Fv)Cy]
(18)

Therefore, the net flux over the area B is equal to 277 times
the fluxes in the axial and radial direction over the line seg-
ments C that are normal to the fluxes and multiplied by y.

* Discretized Equations
The discretized axisymmetric flow equations for a single

cell can be expressed as

(19)

where / represents the four surfaces of the control volume.
According to the foregoing discussions, Eq. (19) can be re-
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written as

where

[(E -

Q' = yQ
H' = yH

(E - E,)' = y(E - £„)

(F - Fv)' = y(F - Fs)

- F,y,Cy] = 0

(20)

(21)

It is clear that A and C are the cross-sectional AREA and
the boundary LENGTH, respectively, of a control volume in
a two-dimensional, curvilinear coordinate system.

The above discussion shows that the discretized flow equa-
tions in a two-dimensional, curvilinear coordinate system can
be easily transformed to the axisymmetric system with the
following steps:

1) Multiply the time marching term by the radial coordinate
of the control volume centroid y.

2) Reformulate the divergence of the velocity vector ac-
cording to Eq. (9).

3) Multiply the flux terms with the radial coordinate of the
boundary centroid y.

4) Add the source term [due to the axisymmetric coordi-
nate, Eq. (4)], multiplied by the radial coordinate of the con-
trol volume centroid y to the radial momentum equation.

Concluding Remarks
The axisymmetric flow equations have been organized in a

vector form suitable for CFD applications. The physical mean-
ing of the source term in the radial momentum equation due
to the axisymmetric coordinate system is discussed. The de-
tails of the volumetric and surface integrations for a single
cell are examined. A convenient method of modifying existing
two-dimensional codes to axisymmetric ones is proposed. Most
importantly, no numerical accuracy has been sacrificed in
calculating the volume and surface areas of the control volume
with this method.
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Technical Comments.
Comment on "Propellant Production

from the Martian Atmosphere"
H. O. Ruppe*

Technische Universitat Munchen,
8000 Munich, Germany

T HE topic treated in the Note is fascinating. But I feel
that the figures quoted are very optimistic.

Believing that 3.61 kWh suffice to produce 1 kg of pro-
pellarit liquids, then the photocell area required on Mars sur-
face (not movable, flat on surface, near equator) for produc-
tion of 13 t propellant per (Earth) year would come to 600
m2 with space-type photocells of today; a solar dynamic plant
with a steerable parabolic mirror might require 13-iii receiver
diameter.

For a Hohmann-type manned Mars mission, this might be
quite attractive; obviously, the first manned exploration could
use this only if proper verification were available from prior
unmanned Mars missions. Since I don't think this likely, maybe
this plan is rather for growth potential for later manned flights,
if the first one proved operationability!
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Reply by the Authors to H. O. Ruppe
M. E. Tauber* and J. V. Bowlest

NASA Ames Research Center,
Moffett Field, California 94035

IN the Note,1 the calculations of propellant production us-
ing the electrical power from a 100-m2 solar-cell array were

done approximately with information available at the time.
This was justified because the central topic of the note was
the determination of the specific impulses of the carbon mon-
oxide and liquid oxygen mixture, and not the propellant pro-
duction. Iri response to Ruppe's comments, we have redone
the propellant production calculations. We found that our
original production value of 13,000 kg of propellants in one
Earth year from a 100-m2 solar panel was too optimistic, but
certainly not by a factor of six. A brief review of our principle
assumptions and the revised calculations follows.

Our assumption that a 20% solar cell efficiency can be
realized in the next two decades was probably conservative.
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